This paper proves that any nonregular nonparametric saddle surface in a threedimensional space of nonzero constant curvature κ, which is bounded by a rectifiable curve, is a space of curvature not greater than κ in the sense of Aleksandrov. This generalizes a classical theorem by Shefel' on saddle surfaces in E 3 .
Introduction
The class of saddle surfaces is dual to the class of convex surfaces. A surface in a Euclidean n-space is said to be a saddle surface if it is impossible to cut off a crust by any hyperplane. In contrast to the theory of convex surfaces, the results in the theory of saddle surfaces are in many respects far from complete. One of the central problems in this area is the study of the intrinsic geometry. Although it is known that the Gaussian curvature of a regular saddle surface in E n is nonpositive, it remains an open question whether the intrinsic curvature of any nonregular saddle surface in E n is nonpositive. An affirmative answer has been given by Shefel' [4, 7] when n = 2 (for any simply connected saddle surface), and when n = 3 (for any nonparametric saddle surface). The answer is still not known for n > 3.
In order to describe our results on saddle surfaces, first we need to introduce some terminology. The n-dimensional κ-space S n κ (κ-plane for n = 2) is the hyperbolic space H n κ for κ < 0, the Euclidean space E n for κ = 0, and the upper open hemisphere S S 3 + (κ −1/2 ) is a surface represented in the form r(x,y) = (x/a, y/a, f (x,y)/a, κ −1/2 /a), where a = (1 + κx 2 + κy 2 + κ f 2 (x, y)) 1/2 and f is a continuous function of two variables. The principal result of this work is the following. The converse of Theorem 1.1 does not hold as Example 6.1 shows. The proof of Theorem 1.1 is based on the possibility of approximating a nonparametric saddle surface in S 3 κ by saddle polyhedra (Lemma 5.2) and on a characterization of spaces of curvature bounded from above in the sense of Aleksandrov due to Reshetnyak (Lemma 5.1). In higher dimensions the possibility of such an approximation is still not known even in the Euclidean case (see [4, page 59] ).
Saddle surfaces in S 3 κ (κ = 0) can be defined in a similar way as in E 3 , that is, by means of the operation of cutting off crusts by κ-planes. Instead of this definition, we introduce an equivalent coordinate-free definition using only the geodesic structure of S 3 κ . In Section 2, we review the definition of a metric space of curvature bounded from above in the sense of Aleksandrov. In Section 3, we present the generalized definition of a saddle surface in an arbitrary geodesically connected space (Definition 3.1, Theorem 3.4). In Section 4, we determine the curvature condition that a saddle polyhedron in S 3 κ satisfies Proposition 4.4 and in Section 5, we give the proof of Theorem 1.1.
Metric spaces of curvature bounded from above in the sense of Aleksandrov
A notion of curvature of metric spaces can be defined by comparing triangles in a metric space with the corresponding model triangles in the κ-plane with sides of the same length. The definition is due to Aleksandrov [1] and the curvature is usually referred to as the curvature in the sense of Aleksandrov. Aleksandrov's spaces are a natural generalization of Riemannian manifolds but they are of much more general nature. For more details, see [2, 3] . An R κ domain, abbreviated by R κ , is a metric space satisfying the following axioms. Axiom 1. Any two points in R κ can be joined by a geodesic segment. Another term for an R κ domain is a CAT(κ) space. It is evident that any κ-space is an R κ domain. A space of curvature bounded by κ from above in the sense of Aleksandrov is a metric space, each point of which is contained in some neighborhood of the original space, which is an R κ domain.
Saddle surfaces
Nonregular saddle surfaces in E n . A (parametrized) surface f in E n is any continuous mapping f : D → E n , where D denotes the closed unit disk on the plane. We say that a hyperplane P with equation a 1 x 1 + · · · + a n x n = b cuts off a crust from the surface f if among the connected components (maximal connected subsets) of f −1 ( f (D) P) there is one with positive distance from the boundary of D. It is clear that if U is such a component, then U is an open set and the set f (U), which is called a crust, is contained in one of the two open half-spaces that the hyperplane P defines. We always assume that f (U) ⊂ P + and f (∂U) ⊂ P, where P + is the half-space determined by a 1 x 1 + · · ·+ a n x n > b.
A surface f in E n is said to be a saddle surface if it is impossible to cut off a crust from it by any hyperplane (see [4] ). Notice that saddle surfaces are, by definition, compact surfaces. The class of C 2 saddle surfaces in E 3 coincides with the class of surfaces of nonpositive Gaussian curvature.
Nonregular saddle surfaces in metric spaces. Let (M, d) be a geodesically connected metric space, and D the closed unit disk on the plane. A (parametrized) surface f in a metric space M is any continuous mapping f : D → M. The convex hull of a subset A, denoted by conv(A), is defined as the union of all sets G (n) (A), with G (0) (A) = A, G (1) (A) is the union of all geodesic segments between points of A, and G (n) (A) = G (1) (G (n−1) (A)) for any n > 1.
Definition 3.1.
A surface f in a geodesically connected space M is said to be a saddle surface if
for every Jordan curve γ ⊂ D having positive distance from the unit circle.
Theorem 3.4 below shows the equivalence of Definition 3.1 with the classical one in the case of a Euclidean space. In order to prove it we need the following two elementary lemmas. 
We sketch the proof of Lemma 3. The following theorem justifies our definition of a saddle surface. Proof. (a)⇒(b). Suppose, contrary to the claim, that there exist a Jordan curve γ ⊂ D having a positive distance from the unit circle, and a point a ∈ int(γ) so that f (a) ∈ conv( f (γ)). We can separate the convex set conv( f (γ)) from the point f (a) by a hyperplane P with f (a) ∈ P + and conv( f (γ)) ⊂ P − , where P + and P − are the two open half-spaces the hyperplane P defines. If V is the connected component of f −1 (P + ) that contains the point a ∈ int(γ), then V does not intersect the curve γ since f (γ) ⊂ P − . So V ⊂ int(γ) and therefore the distance of V from the unit circle is positive. Thus, the hyperplane P cuts off a crust from f , a contradiction.
(b)⇒(a). Suppose that a hyperplane P cuts off a crust from f . Then f (U) ⊂ P + and f (∂U) ⊂ P for some open connected subset U of D having positive distance from the unit circle. Let ε = max{dist(x, P) :
n-dimensional ball of radius ε/2 centered at f (y). Since the distance of U from the unit circle is positive, choose δ ∈ (0,δ 1 
, where n is a unit normal vector to the hyperplane
which contradicts the choice of ε. coincide with the Euclidean line segments, the inclusion mapping ϕ : H 3 κ → E 3 with ϕ(x) = x and its inverse are geodesic mappings. In the case when κ > 0 consider the central projection ϕ :
3)
The central projection takes a point x on S 3 + (κ −1/2 ) to the intersection of the hyperplane {x 4 = κ −1/2 } ≡ E 3 with the straight line through the point x and the origin of E 4 . Under the mapping ϕ great circles go to straight lines and vice versa. Therefore, both ϕ and ϕ −1 are geodesic mappings. Proof. It follows directly by the definition of saddle surfaces and convex hull.
Curvature of saddle polyhedra in S 3 κ
In order to determine the curvature condition that saddle polyhedra in S 3 κ satisfy, we need to estimate the total angle at any point of such a polyhedron. All arguments in this section can be trivially generalized to higher dimensions.
A surface in S 3 κ , defined over a domain in the Euclidean plane bounded by a simple closed polygonal line, is called a polyhedron if it can be partitioned into a finite number of κ-plane triangles intersected only at the boundaries. In order to estimate the total angle at a point of a saddle polyhedron in S 3 κ , we need the following two lemmas. 
and, by Lemma 4.1,
Therefore, Proof. A necessary and sufficient condition for a locally geodesically connected space M with intrinsic metric to be a space of curvature ≤ κ in the sense of Aleksandrov is
with κ int (p) to be the intrinsic curvature of M at p, defined by
The limit is taken over all nondegenerate geodesic triangles -in M the vertices of which approach the point p. δ(-) is the excess of -, that is, δ(-) = α+β+γ−π with α, β, γ the angles of -, and S(-) denotes the area of -. This characterization of spaces of curvature bounded from above is due to Aleksandrov [1] . Let P be a polyhedron in a space of constant curvature κ and p be a point on P. If the point p is not a vertex, then by the Gauss-Bonnett formula,
so κ int (p) = κ. Let p be a vertex of P which belongs to the interior of the triangle -. Suppose that the edges of P, starting at the vertex p, intersect the sides ofinto N points. Joining p with these N points and the three vertices of the triangle -, we can construct N +3 triangles each of which lies on only one face of P with the singleton {p} to be their intersection. Applying the Gauss-Bonnett formula to each of them, we have δ(-1 )+δ(-2 )+···+ δ(-N+3 ) = κS(-) and therefore, if α, β, γ are the three angles of -, then In this section we prove Theorem 1.1. To do so we need the concept of a P κ domain and the following two lemmas. A geodesically connected space with intrinsic metric is said to be a P κ domain if for any triangle contained in P κ , whose perimeter is less than 2π/ √ κ, κ > 0, the κ-excess is nonpositive. It is clear that P κ domains and R κ domains coincide in S 3 κ . Lemma 5.1 (see [6] Proof. The case κ = 0 is due to Shefel' [4, 7] . Let κ = 0 and ϕ the geodesic mapping from S 3 κ into E 3 insured by Example 3.6. It is not difficult to see that the restriction of ϕ : S 3 κ → E 3 to a compact set is a bi-Lipschitz mapping. Comment 1. Let (g i j (κ)) be the 3 × 3 positive definite symmetric matrix that the coefficients of the first fundamental form of S 3 κ define. Each g i j (κ) is a polynomial in x 1 , x 2 , x 3 depending on κ. Assume that λ 1 and λ 2 are the minimum and maximum eigenvalue of (g i j (κ)), respectively. Then, since ϕ is restricted on a compact set, there are positive constants k 1 , k 2 such that 0 < k 1 ≤ λ 1 ≤ λ 2 ≤ k 2 and
that is, for some positive constants c 1 , c 2 . Therefore, for any κ = 0, the restriction of ϕ : S 3 κ → E 3 to a compact set is a bi-Lipschitz mapping.
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We are now ready to complete the proof of the lemma.
Let f be a nonparametric saddle surface in S 3 κ and let {P n : n ∈ N} be the sequence of Euclidean saddle polyhedra approximating the nonparamertic saddle surface ϕ( f ). Then, ϕ −1 (P n ) is the desired sequence.
Remark 5.3. The fact that the geodesic mapping ϕ : S 3 κ → E 3 is bi-Lipschitz on the compact sets has two important consequences; there are positive constants k 1 , k 2 depending on the compact set such that for any curve γ and surface f in the compact set k 2 
, where denotes length and S denotes the Lebesgue area (see [5] ).
It is a well-known property of a two-dimensional one connected Euclidean surface with nonpositive curvature that its intrinsic diameter does not exceed the half of the length of its bounding curve. Hence, by Proposition 4.4, Remark 5.3, and Lemma 5.2 it follows that any pair of points on the graph of a nonparametric surface in S 3 κ can be joint by a rectifiable curve on . Therefore, if we consider as a metric space with distance between two points the minimum length of the curves lying on and joining those points, then is a space with an intrinsic metric.
Proof of Theorem 1.1. Let be the graph of a nonparametric saddle surface in S 3 κ bounded by a rectifiable curve. To show that is a space of curvature not greater than κ in the sense of Aleksandrov it suffices to prove that for any curve ᏸ on of length there exists a nonexpanding mapping ϕ as described in Lemma 5.1. Let W be the neighborhood on with boundary curve a given curve ᏸ of length . Consider W as a space with intrinsic metric induced by the metric of S 3 κ . Construct a sequence of saddle polyhedra P n convergent to W uniformly, so that if n is the length of the boundary curve ᏸ n of P n then lim n→∞ n = . By Proposition 4.4 each P n , as a space with intrinsic metric, is a space of curvature bounded from above by κ in the sense of Aleksandrov. For the boundary curve ᏸ n of any saddle polyhedron P n construct, using Lemma 5.1, a nonexpanding mapping ϕ n : y) for all x, y ∈ V n , and (b) ϕ n maps ᏺ n onto ᏸ n translating each arc of ᏺ n onto an arc of ᏸ n of the same length, where V n is a convex domain in S 2 κ with bounding curve ᏺ n , and d n is the intrinsic metric of P n . Since the lengths of ᏺ n are uniformly bounded we can assume, without loss of generality, that the sequence of convex domains V n converges to a convex domain V with bounding curve ᏺ in the Hausdorff sense. The mapping ϕ : V → W defined by ϕ(x) = lim n→∞ ϕ n (x n ), where {x n ∈ V n : n = 1, 2,...} is a sequence convergent to x, is a well-defined mapping because
Taking lim inf on both sides of the above inequality and using the semi-continuity of length, we have that ϕ is a nonexpanding mapping. Condition (b) and the choice of V and ᏸ n imply that ϕ maps ᏺ onto ᏸ translating each arc of ᏺ onto an arc of ᏸ of the same length. This completes the proof of Theorem 1.1.
Remarks
(1) The curvature condition in Theorem 1.1 is a necessary but not sufficient condition for a nonparametric surface with rectifiable bounding curve to be saddle, as the following elementary example indicates. Similar examples in H 3 κ and S Therefore, for sufficiently small ε > 0 the intrinsic curvature of P is nonpositive. But on the other hand, for any such ε the polyhedron P is not a saddle since we can cut off a crust about the vertex A 1 .
(2) In [8] it is proved that any simply connected saddle surface in E 3 satisfies the isoperimetric inequality αS − 2 ≤ 0 for some positive constant α. Therefore, by Remark 5.3, any simply connected saddle surface in S 3 κ satisfies the isoperimetric inequality βS − 2 ≤ 0 for some positive constant β depending on the distance of the surface from the boundary of the space. Hence, any simply connected saddle surface in S 3 κ with rectifiable bounding curve has finite area. On the other hand, in [5] it is proved that at each point of a surface in E 3 with finite Lebesgue area there are arbitrarily small neighborhoods bounded by rectifiable curves. By Remark 5.3, this is also true in any space of constant curvature. Therefore, Theorem 1.1 can be strengthened as follows.
Theorem 6.2. If a saddle surface in S 3
κ (κ = 0) has a rectifiable bounding curve, and in a neighborhood of each of its points it is nonparameric, then it is a space of curvature bounded from above by κ in the sense of Aleksandrov.
(3) Since any simply connected saddle surface in E 2 can be approximated by a sequence of saddle polyhedra (see [8] ), one can easily derive the following theorem by applying arguments similar to what we used in the proof of Theorem 1.1. 
